Let O * be the C
Introduction
We have studied C * -bialgebras. In this paper, we completely classify closed biideals of a certain C * -bialgebra by using the power set of the set of all prime numbers. In this section, we show our motivation, definitions of C * -bialgebras and main theorems.
Motivation
In this subsection, we roughly explain our motivation and the background of this study. Explicit mathematical definitions will be shown after § 1.2.
In [10] , we constructed the C * -bialgebra O * defined as the direct sum of all Cuntz algebras except O ∞ :
where O 1 denotes the 1-dimensional C * -algebra C for convenience. The C * -bialgebra O * is non-commutative and non-cocommutative. We investigated a Haar state, KMS states, C * -bialgebra automorphisms, C * -subbialgebras and a comodule-C * -algebra of O * . This study was motivated by a certain tensor product of representations of Cuntz algebras [9] . With respect to the tensor product, tensor products of irreducible representations and those of type III factor representations were computed [9, 12] . Since there is no standard comultiplication of Cuntz algebras, O * is not a deformation of any known cocommutative bialgebra. The C * -bialgebra O * is a rare example of not only C * -bialgebra but also purely algebraic bialgebra. In fact, there exists a dense * -subbialgebra A 0 of O * such that the image of A 0 by the comultiplication is contained in the algebraic tensor square of A 0 . Furthermore, the construction of A 0 is unlike any known [1, 8, 18] . Hence we are interested in the bialgebra structure of O * . On the other hand, the study of ideals of an algebra A is an important basis for the study of A itself [19] . In a similar fashion, the study of biideals of a bialgebra B will be also important for the study of B itself. Unfortunately, studies of biideals are few [1, 4, 17, 18] . Hence it is worth to construct nontrivial examples of biideal of a given bialgebra and classify them.
In this paper, we closely consider biideals of the C * -bialgebra O * .
C
In this subsection, we recall the C * -bialgebra in [10] . At first, we prepare terminologies about C * -bialgebra. For two C * -algebras A and B, we write Hom(A, B) the set of all * -homomorphisms from A to B. Assume that every tensor product ⊗ as below means the minimal C * -tensor product. A pair (A, ∆) is a C * -bialgebra if A is a C * -algebra and ∆ ∈ Hom(A, M (A ⊗ A)) where M (A⊗ A) denotes the multiplier algebra of A⊗ A such that the linear span of {∆(a)(b ⊗ c) : a, b, c ∈ A} is norm dense in A ⊗ A, and the following holds:
We call ∆ the comultiplication of A. About C * -bialgebras in quantum groups, see [13, 15] . A C * -bialgebra (A, ∆) is counital if there exists ε ∈ Hom(A, C) such that
We call ε the counit of A and write (A, ∆, ε) as the counital C * -bialgebra (A, ∆) with the counit ε. We state that a C * -bialgebra (A, ∆) is strictly proper if ∆(a) ∈ A ⊗ A for any a ∈ A. For two strictly proper counital C * -
A subspace I of a counital C * -bialgebra (A, ∆, ε) is a biideal of (A, ∆, ε) [1, 18] if I is a two-sided ideal of A and
In addition, if I is a closed subspace of A, then we call I a closed biideal. From now, the equivalence of subialgebras or biideals of C * -bialgebra is defined by strictly proper counital C * -bialgebra morphisms. In this paper, we treat only strictly proper counital C * -bialgebras and strictly proper counital C * -subbialgebras. Remark 1.1 (i) The notion of biideal is defined as a two-sided ideal and coideal [1, 18] even if there is no adjective "two-sided".
(ii) If I is a closed two-sided ideal of a C * -algebra, then {x * : x ∈ I} = I ( [16] , Corollary 1.5.3). Hence a closed biideal of a C * -bialgebra is also closed with respect to the * -operation.
(iii) For a strictly proper counital C * -bialgebra (A, ∆, ε), ε is not the zero map on A from (1.3). Hence A itself is not a biideal of A because of the second equation in (1.4). Especially, {0} is a unique "trivial" biideal.
(iv) For a strictly proper counital C * -bialgebra (A, ∆, ε), if I is a closed biideal of A, then the quotient C * -algebra A/I is also a counital C * -bialgebra with respect to the pair (∆,ε) defined by∆(x+I) ≡ ∆(x)+I andε(x + I) ≡ ε(x) + I for x ∈ A. Especially, the natural projection from A to A/I is a * -bialgebra morphism.
(v) The notion "strictly proper" was introduced in [10] in order to treat O * like the purely algebraic theory of bialgebras [1, 8] . This condition is quite natural from a stand point of the purely algebraic theory, but a C * -bialgebra is not strictly proper and it does not have a counit in general, because of the motivation of the study ( [13] , p.547, "Quantizing Locally Compact Groups").
Next, we introduce a C * -bialgebra. Let O n denote the Cuntz algebra for 2 ≤ n < ∞ [3] , that is, the C * -algebra which is universally generated by generators s 1 , . . . , s n satisfying s * i s j = δ ij I for i, j = 1, . . . , n and n i=1 s i s * i = I where I denotes the unit of O n . The Cuntz algebra O n is simple, that is, there is no nontrivial closed two-sided ideal.
Define the C * -algebra O * as the direct sum of the family {O n : n ∈ N} of Cuntz algebras:
where N = {1, 2, 3, . . .} and O 1 denotes the 1-dimensional C * -algebra for convenience. For n ∈ N, let I n denote the unit of O n and let s
(1.6)
(1.9)
About properties of O * , see [10] . About a generalization of O * , see [11] .
C * -subbialgebras and closed biideals
In this subsection, we consider C * -subbialgebras and closed biideals of (O * , ∆ ϕ , ε) in Theorem 1.2. Let P(N) denote the power set of N. For S ∈ P(N), define the closed two-sided ideal O * (S) of the C * -algebra O * by
( .14)). Therefore neither the classification of C * -subbialgebras nor that of biideals of O * is trivial.
A monoid is a semigroup with a unit. A submonoid is a nonempty subset of a monoid M which is closed with respect to the operation of M and contains the unit of M. We regard N as an abelian monoid with respect to the multiplication. We write this as (N, ·). The first main theorem in this paper is given as follows.
l ≥ 0} is a submonoid of (N, ·) and
We consider a sufficient condition that O * (S) is a C * -subbialgebra of (O * , ∆ ϕ , ε). For this purpose, we introduce several notions of monoid according to [7, 14] (ii) For any closed biideal I of (O * , ∆ ϕ , ε), there exists a C * -subbialgebra 
where the order of both SpecN and BI(O * ) is taken as the inclusion of subsets.
Remark that the unique maximal prime ideal of N is N \ {1} and any minimal one is pN for a prime number p. The minimal element in SpecN is "∅." On the other hand, the unique minimal element in BI(O * ) is {0} and the unique maximal one is n≥2 O n . In order to classify closed biideals of O * in § 1.4, we prepare the following fact. 
Lattice of C * -subbialgebras
In this subsection, we show the biideal structure of O * at great length. From Theorem 1.5(i) and Fact 1.7, the classification of all nonzero closed biideals of (O * , ∆ ϕ , ε) is equivalent to that of all factorial submonoids of (N, ·).
In this subsection, we classify factorial submonoids of N and consider a correspondence between nonzero closed biideals of O * and prime ideals of N. Let P, P(P) and FS(N) denote the set of all prime numbers, the power set of P and the set of all factorial submonoids of N, respectively. For F ∈ P(P), if F = ∅, define [F ] the submonoid of (N, ·) generated by F , that is, the smallest submonoid containing F , and define [∅] ≡ {1}. Since N is isomorphic to the free abelian monoid generated by P, H is a factorial submonoid of N if and only if there exists F ∈ P(P)\{P} such that H = [F ]. Define two operations ∨ and ∧ on FS(N) ≡ FS(N) ∪ {N} by
(1.17)
Then the following one-to-one correspondence between the lattice (P(P), ∪, ∩) and (FS(N), ∨, ∧) is a lattice isomorphism [5, 6] :
For F ∈ P(P) \ {P}, [F ] c ∈ SpecN by Fact 1.7. For F ∈ P(P), define the C * -subbialgebra A(F ) and the closed biideal I(F ) of O * by
By definition, the following holds for F, G ∈ P(P): 
Define operations ∨, ∧ on the family F ≡ {A(F ) : F ∈ P(P)} by
for B, C ∈ F where C * X denotes the C * -subalgebra of O * generated by a subset X of O * . Then (F, ∨, ∧) is a lattice.
if and only if there exists F ∈ P(P) such that J = I(F ).
(ii) The lattice {A(F ) : F ∈ P(P)} is isomorphic to the lattice P(P).
Furthermore, A(F ) ∼ = A(G) if and only if F = G.
From (1.10) and Theorem 1.8, we obtain the following one-to-one correspondences:
⇔ the set of all closed two-sided ideals of the C * -algebra O * , ∪ ∪ P(P) ⇔ the set of all closed biideals of the C * -bialgebra O * .
Especially, the following anti-isomorphism between two ordered sets holds:
where BI(O * ) is as in Corollary 1.6. Remark 1.9 Theorem 1.8 is derived from not only the direct sum in (1.5) but also definitions of the special comultiplication ∆ ϕ in (1.7) and ϕ n,m in (1.6). From (1.8), we see that the operation ∆ ϕ corresponds to the factorization of a natural number to two factors in all instances.
As a relation between lattices and operator algebras, a lattice of von Neumann algebras is considered in [2] . In § 2, we will show a general theory of construction of C * -bialgebra from a family of C * -algebras and * -homomorphisms. In § 2.3, main theorems are proved.
Proofs of main theorems
In this section, we prove main theorems in § 1.
C * -weakly coassociative system
In order to prove main theorems in § 1, we show general statements about C * -subialgebras and biideals. We review C * -weakly coassociative system in § 3 of [10] .
for all a, b, c ∈ M, the following holds:
where id x denotes the identity map on A x for x = a, c,
(ii) there exists a counit ε e of A e such that (A e , ϕ e,e , ε e ) is a counital C * -bialgebra, (iii) ϕ e,a (x) = I e ⊗ x and ϕ a,e (x) = x ⊗ I e for x ∈ A a and a ∈ M.
The system ({O n : n ∈ N}, {ϕ n,m : n, m ∈ N}) in (1.6) is a C * -WCS. As for the other example of C * -WCS, see § 1.3 of [11] . 
where
Then there exists a comultiplication ∆ ϕ and a counit ε of the C * -algebra
We call (A * , ∆ ϕ , ε) in Theorem 2.2 by a (counital) C * -bialgebra associated with ({A a : a ∈ M}, {ϕ a,b : a, b ∈ M}).
C * -bialgebra associated with submonoid
In this subsection, we show general results for C * -subbialgebras and biideals of the C * -bialgebra A * in § 2.1. Let ({A a : a ∈ M}, {ϕ a,b : a, b ∈ M}) be a C * -WCS over a monoid M. For a subset S of M, define
Then A * (S) is a closed two-sided ideal of the C * -algebra A * in (2.3).
We consider the condition (1.4) with respect to A * . If H is a submonoid M, then ({A a : a ∈ H}, {ϕ a,b : a, b ∈ H}) is also a C * -WCS over H. If M satisfies (2.2), then we can define
Recall notions about monoid before Theorem 1.5. (ii) If H is a prime ideal of M, then A * (H) is a closed biideal of (A * , ∆ ϕ , ε).
Proof. (i)
We see that A * (H) = A * if and only if H = M. If H is factorial, then A * (H) is a C * -subbialgebra of A * from (2.6). Assume that A * (H) is a C * -subbialgebra of A * but A * (H) = A * . From this, H = M. For n ∈ H, let I n denote the unit of A n . Then
By assumption,
By multiplying I m ⊗ I l at both sides of (2.8),
Hence both m and l must belong to H because I a A b = {0} when a = b. Therefore H is factorial.
(ii) It is sufficient to show that A * (H) satisfies (1.4) with respect to (A * , ∆ ϕ , ε). For n ∈ H and x ∈ A n ,
Since H is a prime ideal of M, the unit e of M does not belong to H. Therefore ε(A * (H)) = 0. Hence the statement holds.
By definition, the following holds. (
ii) H is a proper ideal if and only if H c is factorial.
Proof. (i) Assume that H is a proper subsemigroup. Then H c = ∅, and if a, b ∈ M and a, b ∈ H, then ab ∈ H. Therefore a ∈ H or b ∈ H when ab ∈ H. This implies that a ∈ H c or b ∈ H c when ab ∈ H c . Therefore H c is prime.
Assume that H c is prime
Assume that H c is factorial. Then H = ∅. For a, b ∈ M, if a ∈ H, then a ∈ H c . In addition, if ab ∈ H c , then a must belong to H c because H c is factorial. Hence ab ∈ H c . This implies that ab ∈ H. In the same way, if b ∈ H, then ab ∈ H. Hence H is an ideal. Since H c = ∅, H is proper. (ii) For any closed biideal I of (A * , ∆ ϕ , ε), there exists a C * -subbialgebra B I of (A * , ∆ ϕ , ε) such that the quotient C * -bialgebra A * /I is isomorphic to B I and the following decomposition holds: Remark that we do not assume that M is abelian in this subsection.
Proofs of main theorems
In this subsection, we prove main theorems.
Proof of Theorem 1.4. Applying Theorem 2.2 for M = H and A n = O n with n ∈ H, the statement holds.
Proof of Theorem 1.5. Applying Proposition 2.5 for M = N and A n = O n with n ∈ N, the statement holds.
Proof of Corollary 1.6. Applying Corollary 2.6 for M = N and A n = O n with n ∈ N, the statement holds.
Proof of Fact 1.7. From Fact 2.4, the statement holds.
Proof of Theorem 1.8. (i)
The proof is already given in statements before Theorem 1.8. We summarize them again as follows. Let J be a nonzero closed biideal of O * . From Theorem 1.5(i), this is equivalent that there exists a prime ideal a of N such that J = O * (a). From Fact 1.7, this is equivalent that there exists a factorial submonoid H of N such that J = O * (H c ). From (1.18), this is equivalent that there exists F ∈ P(P) such that J = O * ([F ] c ) = I(F ).
(ii) It is sufficient to show P(P) ∋ F → A(F ) is a lattice isomorphism. For this purpose, we show the following statements:
(a) A(∅) = O 1 , A(P) = O * .
